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A major recent development in Particle Physics has been the observation [T] of a nonzero mixing between the first 
and third generations of (anti-) neutrinos with a measured angle 613 9°. The underlying physical implication is 
rather serious. Certain flavor symmetries in the neutrino sector, such as [5] that under /z -O- r interchange [3], must 
be broken. The latter became a highly popular idea on account of its prediction of a maximal mixing (^23 = 45°) 
between the second and third generations of neutrinos — a situation still well-allowed by extant data. But it also 
predicted a vanishing ^13 which has now been experimentally excluded. Hence arises the interest in breaking this fj,T 
symmetry. Since its spontaneous breakdown would require several additional fields a minimalist approach would 
be to try explicit breaking. Instead of introducing [S] such symmetry breaking parameters directly into the derived 
neutrino mass matrix M^,, we prefer to do so in the neutrino Yukawa coupling matrix which appears in the Lagrangian 
itself. The latter is the more basic way of handling any explicit symmetry breaking. 

In this note we treat the effect of such an explicit breaking of fir symmetry on allowed and predictive neutrino 
Yukawa textures. The latter are configurations with zeros of the neutrino Yukawa coupling matrix or equivalently of 
the neutrino Dirac mass matrix Mq . These provide a useful and effective framework within which to discuss neutrino 
mass and mixing parameters. Given the distinguished record [S] of presumed four zero Yukawa textures in the quark 
sector, it is natural to extend similar ideas to neutrinos. But one needs to take into account the difference here due 
to the type-I see-saw mechanism [7] which we assume to explain the observed smallness of neutrino masses. The 
relevant point now is that, unlike for those put [5] directly into M^, small values of fir symmetry breaking parameters 
introduced into Mjj can realistically generate 613 ~ 9° for predictive neutrino Yukawa textures 8^. But we find the 
remarkable result that this is possible only with an inverted mass ordering of the light neutrinos. 

The mass terms in our starting Lagrangian are 




+ II Ml 1% + h.c, (1) 

In ^ the superscipt "0" signifies a flavor eigenstate field, (Nh) stands for three left chiral (right chiral) neutrinos 
while I denotes the three charged leptons. Each M is a 3 x 3 matrix in flavor space, but the eigenvalues Mi, M2, M3 
of the Majorana mass-matrix Mn are much bigger (> 10^ GeV) than those of the Dirac mass matrices M^ and Mi. 
We work, without loss of generality, in the weak basis defined by real and diagonal and Mf. 

Mr = diag(Mi, M2, M3), 

Ml = diag(me, m^, m^-) . (2) 
The see-saw formula for the ultralight neutrino Majoran mass matrix is 

M^ ~ -MdM^^MI. (3) 

Furthermore, 

U^M^U* = £> EE diag (mi, ms, ma) , (4) 
where mi, m2, are the light neutrino masses and we follow the PDG convention in defining them. Then, for 

H,^M,Ml 

U^H^U ^ (5) 
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with U being the unitary PMNS matrix. 

Because of /xr symmetry, Mjj and M/j remain invariant under the interchange of /i (2) and t (3) flavors. Thus, in 
our basis, Mjj and Mji have the general forms 

Md = 

Mr ^diag (Ml, M2, Ma). (6) 

Though Mi_2 are real, a, b, c, d, e in ([6]) are five complex parameters. We now set up two additional criteria. First 
we take every ultrahght neutrino to have a nonzero mass, i.e. 

det Md ^ 0. (7) 

Second, we utilize the observed fact that none of the neutrino families decouples from any of the other two. Given 
these features, four has been shown [10^ to be the maximum number of zeros that AId can accommodate. These four 
zero textures are phenomenologically quite interesting ^11, and also can effect desired baryogenesis via leptogenesis at 
a high scale [T^] . We discuss here the phenomenogical consequences of four and three zero textures of Md in a general 
explicitly broken (to lowest order) /ir symmetric set-up. We do not consider textures with a lower number of zeros 
since they contain too many parameters and have little predictivity. Apart from the Tl' element 'a' in Md, cf.(|6|, 
the other complex parameters come in pairs. So, for an even (odd) number of zeros of Md, 'a' must be nonvanishing 
(vanishing) . 

We consider the four zero and three zero cases separately, 
(a) Four zero textures can come in — 6 ways. Of these, two are ruled out by the twin criteria set up in the 
earlier paragraph. The four allowed fir symmetric four zero textures fall into two categories A and B, each having 
one Ml, [13) . and can be written, after appropriate relabelling, as 

fa b b\ 

M^X = c , = 






M^ = 6 c , - I 6 c I . (8) 

\b c J \b c J 

(b) Three zero textures, with a necessarily vanishing element 'a', have only two surviving textures once the twin 
criteria are imposed. Either has the same M^. The textures are 

M^j^l, = { c d \ (9) 

and we put them under category C. 

The superscripts in the left hand sides ^ and ([9| refer to the number of zeros presesnt. It is straightforward to 
write in a simplified way the corresponding neutrino mass matrices. Introducing two real variables and one phase for 
each category (vide Table |l|, i.e. (fci, ^2, a) for M^j^, (Zi, I2, 13) for M^^ and (ri, r2, 7) for A/^^ plus m^, niB and 
mc as overall scales for the three cases, we have 

M^^l = TUA 

M^^^ = mc\ ri rle"^^^ + 1 rle^''^ | . (10) 
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Note that in writing ( 10 ), certain phases, a! for M^f)^ (cf. Table 1), /3' for m'^^ and 7' for , have been rotated away 
by redefining the field. We have also introduced in Table |l] certain functions X2 and of the said variables 



TABLE I: Definitions of differenet parameters involved in for all cases in ( 10 1 



Four zero textures 


Three zero textures 






Category C 


ruA = -cVMa, 

fee = -, 
a = argf 


mB = —c^ IM2, 

^ ^ c Y Ml 

'2e — c Y J\/i 
/? = arg^ 


TfLC — — Oj j IVI2 

ne-' = ^ 
7 = argf 


Xi = 2x/2fe[(l + 2fc|)' + fcj' 
+2fc?(l + 2fei)cos 20]^/^ 


Xi =2^/i/2[0? + 2;i)Vl 
+2(Z? + 2;i)cos2/3]^/2 


Xi = 2^ri[(l + 2r?)2 + 4ri 
+4ri(l + 2r?)cos27]i/2 


X2^1-kt-Akt- Ak'ik'i cos 2q 


Xa = 1 + cos 2/3 + 4/^ - it 


X2 = 4rt + 1 + 4r^ cos 27 - 4r]' 


X3 = 1 - 4jfc| - kt 
-4klkl cos 2q - 4kl 


X,, = l~{ll + 2llf 
-All cos 2/3 


X3 = 1 - Ari - Arl 
— 4r-| — 4r2 cos 27 



for each category. These relate to measurable quantities by rather simple formulae. If we define X = ^Xf+X^, 
then 



^2 



^32 



tan 2012 = 



A^i/X 



2X 



1/2 



1/2 



(11a) 
(lib) 

(11c) 

(lid) 
(lie) 



In (11) m equals ruA, or m^, as defined in Table |Tj depending on the category. 

We now intoduce explicit ^lt symmetry breaking into Md and Mn as follows. A real parameter 5 is first inserted 
in Mr of ^ which gets modified to 

a4 = diag [Ml, M2, M2(l - 5)] . (12) 

Additional real parameters and corresponding phases ipi s-re introduced into the textures describing Mj^ with 
with (ei, (pi), (e2, (^2) and (£3, (^3) modifying elements &, c and d respectively in the first two rows of Md only. 
Consequently, we have 



M' 



e(4) 
DAI 



M 



e(4) 
DBl 



M 



a b 


6(1 - eie'-^i) \ 







c(l-e2e''^^) 




c 


/ 






a 





6(1- 


-eie^"^!) c(l 


-626*^^) 




6 c 







6 6(1 


- eie^-^i) 


c(l- 


-£26'"^^) d(l 


-636^"^^) 




c d 






M 



e(4) 
DA2 



M 



;(3) _ 
DC2 — 



a b 6(l-eie*'^i) 

0(1-626*'^") 

c 

a 

6(l-eie'^i) c(l-e2e^'^^) 

6 c 

6 6(1 - eie' 

c(l-e2e*'^=) d(l-e3e^'^3) q 

c d 



On account of ([s]), the neutrino mass matrix Mi, develops the general broken fir symmetric form 



(13) 



M' 



P Q Q\ / xi X2 X3 

Q R S \ -eie* X2 X4 X5 
Q R S I \x3 X5 xe 



-£26 



yi V2 Va 

y2 Vi Vb 
ys Vb ye 




ti t2 ^3 
S \ t2 t4 

^3 ^5 te 



(14) 
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There are now six M^-^'s in total following from the six Mjj's of 
6 are universal /xr symmetry breaking parameters, introduced in 
zero textures. In contrast, the (generally complex) quantities P, Q, R, S as well as xi^,,^, yi,..fi, 21,.. .6, ti,..,6 vary 
from category to category and are listed in Table in terms of the real parameters ki 2, ^i,2) 1^1,2 and phases a, /3, 7 
with broken fir symmetry. There are four distinct Mj,'s for four zero and two distinct ones for three zero textures. 
In the limit of vanishing S and £1.2, 3, the /ir symmetric form of Afi^'s in terms P, Q, R, S is restored and we recover 
two Mj^'s ( a single Mi,) for four (three) zero textures. Next, we direct our attention to experimentally measurable 



). In (14 1, m is as in Table |l] while (pi and 
) and ( 13 1 with £3 evidently vanishing for four 



TABLE II: Expressions for quantities appearing in 
been kept blank for the latter. 



Parameters zi-e, not needed for four zero textures since £3 = 0, have 





Four zero 


Three zero 


Quanatity 


Category Al 


Category A2 


Category Bl 


Category B2 


Case 1 


Case 2 


P 


kie^'" + 2ki 


kie^'" + 2ki 


li 


li 


2ri 


Iri 


Q 


k2 


k2 






ri 


T\ 


R 


1 


1 


tie-"^ + 1 


lle'^P + 1 


r'ie-"^ + 1 


rie^'^ + 1 


s 








lie-"" 




' 2 ^ 


' 2 ^ 


^ 1 


2ki 


2ki 








2ri 


2ri 


X2 
















To 





ho 








T\ 







n 
u 


n 

u 


r,,2 2l/3 




n 
u 


n 
u 




U 


U 






U 


U 


Xs 


u 


u 


U 


u 


U 


U 


yi 


n 
u 


n 
u 


U 


u 


u 


u 


y2 


k2 


k2 














ya 




















yi 


2 


2 


2 


2 


2r^e^'^ 


2r^e"'^ 


y5 


















ya 




















Zl 
















Z2 










r\ 


ri 


zz 
















Z4, 










2 


2 


Zb 
















Z6 
















tl 


-kl 










-ri 


-ri 


t2 
















-ri 


ts 





-k2 








-ri 





u 


-1 





-1 








-1 



























-1 





-1 


-1 






quantities which are best related to elements of the matrix H^, of ([5]). From (131 



H: 



e.S 



£1 



|P|2+2|Q|2 PQ*- 
P*Q + Q*iR + S) |Q|2 
P*Q + Q*{R + S) |Q|2- 



Q{R* + S*) PQ* + Q{R* + S*) 
-\R\'^ + \S\'^ \Q\^ + RS* + R*S 
R*S + RS* IQp + + 



Ul 




:i 






«2 






U2 


M4 




-£2 


W2 


W4 


1] 




"3 


M5 


U6 / 




V «3 


V5 







Wi 




11 




*2 




W2 








S4 


i] 


W3 


W5 


We J 




S5 


S6 1 



(15) 



We have introduced in (15) the quantities Ui, Vi, Wi and Si (z = 1, ...,6) which are algebraic functions of the variables 



of (14), i.e. P, Q, R, S, Xi, yi, Zi, (pi, 02, ^3. Evidently, Uk, Vk, Wk, Sk {k = 1, 4, 6) are real and the rest are 
complex. 

The first point to note is this. With i and j running from 1 to 6, Ui do not involve yj, Zj, tj, 02, 03! similarly, Vi do 
not involve Xj, Zj, tj, 03, 0i; Wi do not invove Xj, yj, tj, 0i, 02; Sj do not involve Xj, yj, Zj, 0i, 02, 03. Furthermore, 
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Ui, Vi, Wi and Si are related by certain substitution relations. With ui written as a set of functions fi of certain 
variables, Wi, wi and si are the same functions but of a substituted set of variables. Thus 



Ui = /i(a;i,a;2, ...,X6,0i), 

Vi = fi{yi,y2,--,y6,<l>2), 

Wi = fi(zi,Z2,-.-,ze,(j)3), 

Si = ft{ti,t2,...,te,0). 



It is thus sufficient to explicitly display the RHS of the first equation in ( 16 ) 



(16) 



ui = [P*xi + Q*{x2 + X3)]e'''^^ + c.c. 



U2 = [P* X2 + Q* {Xi + X5)] 



U3 = [P*X3 + Q* {x5 + xe)] e'"^i + [Qx* + Sx*2 + 



[Qxl + Rx*2 + Sxl] e 



-i<pi 



Ui = [Q*X2 + R*Xi + S*X5]e"^^ + C.C., 
U5 = [Q*X3 + R*X5 + S*xe] e"f'' + [Qx* 
U6 = [Q*X3 + S*X5 + R*xe]e"l'' +C.C. 



SXa 



Rxl]e-"^\ 



(17) 



The diagonalization of H^'^ , as given (15), yields not only the squares of the physical neutrino masses after 
symmetry breaking, but also the mixing angles. We wish to compute (A2i)^''^ = (mj )^ — {m\' )^, (A§2)'^''' = 
(rrig )^ — (rrij )^, , ^23 i ^13 • The superscripts here signify that the concerned physical quantities have been 
calculated with /ir symmetry breaking taken into account. The complicated algebraic expressions for these quantities 



can be simplified by defining another set of functions Ui, Vi, Wi, Si (i = 1, .., 6) of the quantities introduced in (16 1. 
Once again, each of these depends only on a subset of the set {ui, Vi, Wi, Si} and is related to the other three by 
substitution rules. Thus, 

= Ft{ui, U2, Uq), 

Vi = F^{vi, V2, ■■.,ve), 
Wi = F^iwi, W2, We), 
Si = Fi{si, S2,..., se). 

with the same functional form Fi. Again, it suffices just to explicitly specify the form of Ui: 



(18) 



Ui 
U2 
U3 
Ui 
U5 



1 - 

2 . 

1 - 

2 . 

1 r 
2 

1 - 

2 . 

1 r 
2 
1 

2 



2c?2"i + \/2ci2Si2 {(u2 + U3)e-'''^ + {u*2 + uDe''^} - s?2("4 + ue + U5+ ut,) 
\/2ci2(u2 + U3)e~"'' + V^sj^iu^ + u*^)e'^'^ + ci2Si2(u4 + ~ 2ui + U5 + ut,) 

\f2ci2{u2 - Uz)e~'-'^ + S12(U6 - U4 + W5 - Wg) , 

25^2"! - V2ci2Si2 {(U2 + W3)e"''^ + (1*3 + "3)6''''} " 0^2 ("4 + + U5 + M5 ) 
^S12(W2 - W3)e~"^ - C12(U6 - U4 + W5 - ^5) 

U5 + U5 - U4 - Ue] . 



(19) 



In (19) C12 = cos ^12, s\2 — sin 012, with d\2 as the unperturbed mixing angle between the first two generations, as 

(20) 



given in (11 1. Moreover, the phase i\j is given by 

^ = arg \P*Q^Q\R^S)\ 



Finally, we can display the measured quantities in terms of their unperturbed values: 



6 



{m{ ) 

/ e.S\2 
("^2 ) 

{^12^' 
(sin 012)^-' 

(sin 023)'-' 
(sin 013)^'' 



ml 
ml 
ml 
A2 



yif2 
¥4(2 

- Vee2 



- SiS] , 

- SiS] , 

- SeS] . 



A2 



'21 

2 

'32 



- m' 



- m' 



{(C/4 - Ui)ei + {Vi - V,)e2 + [Wi - M^i)e3 + (^4 - Si)6} , 
{(5*6 - Si)5 + ([/fi - (74)61 + {V^ ~ Vi)e2 + {W^ - ^4)63} 



S12 + 



1 



Sl2^7l 



' S*5 + U*€i + V*e2 + W * £3 ■ 
^21 

' 5'3*(5 + [/3*£i + y3*£2 + T y3 £3 1 C12 / St, 5 + U*ei + V*e2 + £3 ' 
Ail ■ ^ 



'-Ai2 



A2 



21 



-A2 



32 



+ 512"^^ 



72 



A 



■32 



A2 



32 



(21a) 
(21b) 
(21c) 
(21d) 
(21e) 

(21f) 

(21g) 

(21h) 
(21i) 



We can also write an equation for the CP-violating Jarlskog invariant which is nonzero only because of /ir symmetry 
breaking: 



(-ff^'*)l2(-ff^' 



Im 



1 



(Ail) 



:,5(A2 



32 y 



HAii) 



= - sin 2012 sin 2^23 sin 26*43 cos 013 sin 5 
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(22) 
(23) 



where 5u is the Dirac phase. 

Numerical results and discussion 

The breaking of /it symmetry generates a nonzero ^13 as well as makes 023 deviate from its maximal value. In the 
present work, we vary both the mass squared differences and the three mixing angles within their 3cr experimental 
ranges. Thus we treat both ^13 and 023 as inputs, remai ning constrained within given intervals. On feeding in the 

one can check which of the six Af^^'^'s can accommodate 

e,<5 



III 



experimental 3ct ranges of the quantities listed in the Table 

them. Let us first discuss the four zero textures of categories Ai, A2, Bi and 82- We find that just the one 
originating from Af^j^^-^ survives, the other three do not. This texture, which involves the real parameters fci_2 and the 
phase a, allows only an inverted ordering of the light neutrino masses: A^j < 0. The phase a is found to be restricted 
to 89° < a < 90°. The /ir symmetry breaking real parameters are confined to 0.08 ^ £1 ^ 0.15, < £2 < 0.1, 
< (5 < 0.1. The nonzero lower bound on £1 is controlled most sensitively by the allowed lower bound on 0i3. We find 
£1 to be the main parameter which drives the breaking of /ir symmetry and have restricted its maximum value to 0.15. 
Now the upper bounds on the other two parameters £2 and 5 stem from the requirement of the observed fact m2 > toi 
and from the allowed range of 0i2. Regarding the corresponding phases (/'i,2, 4>2 is completely unrestricted while the 
allowed range of (fii is 85° < 0i ^ 95°. We follow an identical procedure with the two allowed three zero textures. Only 
the Ml'^ , originating from M'^^^^, i.e. category CI, is found to survive with an inverted light neutrino mass ordering 
A§2 < 0; the other one, namely C2, does not. Here also the phase 7 is found to be restricted to 89° < 7 < 90°. The 
/XT symmetry breaking real parameters are confined to < £1 < 0.15, < £2 < 0.02, 0.05 < £3 < 0.1, 0.06 < (5 < 0.1. 



TABLE III: Input experimental values [T^ 



Quantity 


Experimental 3a range 


A^i 


7.12 X 10 


-'^ eV'-' < Ail < 8.20 X 10"'' 




Aia < 


-2.72 X 10 


eV^ < Aia < -2.28 x 10" 




Aia > 


2.23 X 10 


-3 eV^ < Ala < 2.67 x 10"^ 




812 




31.30° < 012 < 37.46° 




O23 




36.86° < 023 < 55.55° 




013 




7.49° < 6*13 < 10.46° 




Sd 




Unknown 
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0.6 
0.56 
0.52 
0.48 
0.44 




1.16 1.2 1.24 1.28 1.32 



1.36 
1.32 
1.28 
1.24 
1.2 
1.16 



0.9 0.96 1.02 1.08 1.14 



> 
E" 




0.08 0.088 0.096 0.104 
mi/(eV) 



0.15 
0.14 
I 0.13 
W 0.12 



> 





0.11 




0.051 0.054 0.057 0.06 

mi/(eV) 




0.015 0.018 0.021 0.024 

Ucpl 



40 



30 



01 
T3 

^ 20 



10 



0.01 0.015 0.02 0.025 

Ucpl 



FIG. 1: (Color online) Allowed real parameters(top), "^^rrii vs mi (middle) and \ Jcp\ vs |<5_d| (bottom) for category Al (left) 
of four zero and category CI (right) of three zero textures. 



The lower bounds on £3, S are controlled by the lower bound on ^13. As before, the upper bound on ei has been 
fixed by hand while those on £2, £3 and S are controlled by the condition m2 > mi and the allowed range of 612. The 
phases and (j)2 are unrestricted but 03 turns out to be confined within < 03 < 7r/4. 

We provide some sample plots in Fig. [T] for specific allowed values of £i, (pi and 6. For the four zero texture of 
category Al, we have chosen £1 = 0.15, £2 — 0.0, S = 0.11, 4>i = (t>2 — t^/'^ and for the three zero texture of category 
CI, the values are £1 = £2 = 0.0, £3 = 0.08, 5 = 0.08, 0i = 7r/2, 02 = 7r/4, 03 = 0. The top left panel of Fig. |l] 
displays the allowed values in the the fci — k2 plane for category Al. Note that only rather small positive values of 
these real parameters are allowed. The middle left panel shows the sum of the light neutrino masses plotted against 
TOi and the bottom panel shows the modulus of the Jarlskog invariant Jcp, a purely /ir symmetry breaking effect, 
vs. the absolute value of the Dirac phase Sq. It is interesting that the neutrino mass sum stays between 0.24 eV 
and 0.3 eV while remains between 30° and 42° with \ Jcp\ ~ 2 x 10~^. The top right panel of Fig. [ijshows the 
allowed parametric region in the ri — r2 plane for category CI. Here the values are near unity. From the middle right 
panel we see that the neutrino masses are smaller in this case, their sum remaining between 0.12 eV and 0.14 eV. The 
ranges of and | JcpI, shown in the bottom right panel are rather similar to those of the other allowed category. 

In conclusion, we have systemetically investigated the effect of the explicit breaking of /ir symmetry on allowed 
four and three zero neutrino Yukawa textures respecting the symmetry. We have found that, for reasonably small 
values of the symmetry breaking parameters, the allowed 3(T ranges of the light neutrino mass squared differences and 
mixing angles can be accommodated by one four zero texture and one three zero texture, provided the neutrino mass 
ordering is inverted with A32 < 0. A determination that the light neutrinos are normally mass-ordered will rule out 
this entire scenario. On the other hand, the demonstration of an inverted light neutrino mass hierarchy will provide 
support. 

The research of P.R. has been supported in part by a DAE Raja Ramanna fellowship. 
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